Skyrmion gases and lattices in helimagnets are studied, and the size of a Skyrmion in various phases is estimated. For isolated Skyrmions, the long distance tail is related to the magnetization correlation functions and exhibits power-law decay if the phase spontaneously breaks a continuous symmetry, but decays exponentially otherwise. The size of a Skyrmion is found to depend on a number of length scales. These length scales are related to the strength of Dzyaloshinskii-Moriya (DM) interaction, the thermal correlation lengths, and the strength of the external magnetic field. An Abrikosov lattice of Skyrmions is found to exist near the helimagnetic phase boundary, and the core-to-core distance is estimated.
I. INTRODUCTION
Skyrmions are non-trivial topological objects in various field theories. They were first used to model baryons in nuclear physics. 1 More recently, they have been observed in quantum Hall ferromagnets, 2,3 p-wave superconductors, 4 and Bose-Einstein condensates. 5, 6 The Skyrmion lattice is also a candidate for an experimentally observed periodic phase in helimagnets such as MnSi [7] [8] [9] (called the A phase) and Fe 1−x Co x Si (called the SkX phase). 10 The schematic phase diagram of a helimagnet is shown in Fig. 1 . In these helimagnets, the usual ordered phase that exhibits long-range order takes the form of a helix, 11, 12 that is thermodynamically stabilized by Dzyaloshinskii-Moriya (DM) interaction. 13, 14 The helix of the magnet can be characterized by the pitch vector q, with magnitude being the helical wavenumber and the direction being the direction of the helix. Its magnitude is proportional to the strength of the DM interaction. The phase that is believed to be a lattice of Skyrmions in these helimagnets have lattice size of the order of magnitude q −1 . It is likely that dilute Skyrmion gases in various phases of helimagnets can also be stabilized through the DM interaction.
An isolated Skyrmion is an exact solution of the saddlepoint equation to the non-linear σ model. 16, 17 Thermodynamically it is a metastable state. Different schemes have been proposed to stabilize the Skyrmions, with a dipoledipole interaction 18 and a DM interaction [19] [20] [21] [22] [23] [24] being two examples. These schemes introduce new physical length scales.
A lattice of Skyrmions has also been described as the superposition of three perpendicular helimagnets. 8, 25 This Fourier description was argued to be a lattice of Skyrmion by calculating the Skyrmion density. However, this approximation is not a solution of the saddle-point equation to the model they are using. 15 Using the tech- a lattice of Skyrmions can be described. 27 The Goldstone modes for such lattice is the same as that of the columnar phase of the liquid crystals. 28 Some previous studies 20, 21 showed that by increasing the magnetic field, the system changes from aligned conical phase, then a Skyrmion lattice and finally to a ferromagnet. This is true for certain temperatures but not for all. The Skyrmion lattice is likely formed by a first-order phase transition.
The sizes of Skyrmions can be characterized in four ways. It can be characterized by the behavior near the core. 24 Alternatively, the size can also be characterized by the decay length of the long-distance tail of the Skyrmion. In this paper, we introduce yet another measure of the size of a of Skyrmion, which is given by the length at which the behaviors of the core and the tail arXiv:1112.5991v1 [cond-mat.str-el] 27 Dec 2011 match. We believe that it is the best measure of the size of a Skyrmion. Finally, in a Skyrmion lattice, there is a fourth measure of the size of a Skyrmion: the distance between cores in the lattice.
In this paper, we study both an isolated Skyrmion and a Skyrmion lattice in the presence of DM interaction and external magnetic field, and we estimate their sizes. In Sec. II, we review the Landau-Ginzburg-Wilson (LGW) model with the DM interaction used to study the helimagnets. Crucially, we also introduce the various length scales in the problem. In Sec. III, we review the basic properties of Skyrmions, including the winding number. In Sec. IV, we study the core of isolated Skyrmions in various phases of the model. We find that for paramagnets and ferromagnets, the core behavior is readily found. The core behavior defines a measure of the core size, called R, which we find to be the result of the competition of different physical length scales in different regions of the phase diagram. We show that for the aligned conical phase, the core behavior is undetermined because of the scale invariance due to the spontaneous symmetry breaking. In Sec. V, we study the Skyrmion tails in various parts of the phase diagram. For paramagnets and ferromagnets, we find that the tail is exponentially decaying. The decay length of the tail depends on various length scales in different regions of the phase diagram. The Skyrmions in aligned conical phase, however, are algebraically decaying for large distances due to the underlying Goldstone modes in the system. In Sec. VI, we employ the Abrikosov flux lattice to study the Skyrmion lattice. We find that the core size depends on q and the thermal correlation length of paramagnets. In Sec. VII, we match the core and tail of Skyrmions, with the matching radius introduced as a new measure of the Skyrmion size. We argue that this measure of Skyrmion size is the most physical. In general, we find that the core size is of the order q −1 near the helimagnetic phase boundary, consistent with the results of other previous studies, 20, 21 but it depends on other length scales in other parts of the phase diagram. We do not discuss pinning, polarization, and the alignment effects mentioned in a previous paper.
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II. MODEL AND LENGTH SCALES
A. LGW functional
Throughout this paper, we use the LGW model with DM Interaction
The terms with coefficients r, a and u are the usual Landau-Ginzburg-Wilson (LGW) model. 29 The c-term is the DM interaction 13, 14 , and it exists in systems with spin-orbit coupling 30 and no inversion symmetry in the unit cell of the solid.
12 A similar chiral structure can be found in cholestoric liquid crystal. 31 H is the external magnetic field. Its direction defines the z-axis throughout the paper. The saddle-point equation corresponding to Eq. (1) is
We do not consider crystal-field effects in this paper. Generally these terms align the helix in a certain direction for small magnetic field. For large magnetic fields, the helix is in the direction of the field.
B. Phases and Length Scales
There are three topologically trivial phases that are associated with the action in Eq. (1). These three phases are the paramagnet, the ferromagnet and the aligned conical phase, as shown in Fig. (2) . The aligned conical phase is stable only if H ≤ H c2 where H c2 is defined below, see Eq. (18).
Paramagnet
The paramagnet is stable or metastable only for r > 0. Its analytic form is given by Eq. (B2). In a magnetic field, the magnetization is
where χ p = r −1 is the magnetic susceptibility. The corresponding correlation length is given by ξ p , which diverges when r approaches 0. In LGW model, it is
We define a length (basically the thermal and magnetic field dependent transverse correlation length)
The ferromagnet is stable or metastable only for r < 0. Its analytic form is given by Eq. (B4). Without external magnetic field, the magnetization is given by
A magnetic field along the direction of the magnet gives
where χ f = (2|r|) −1 is the longitudinal susceptibility. The translational susceptibility goes like H −1 . The longitudinal correlation length of the ferromagnet is given by
which diverges for r → 0. The transverse correlation length is given byl H in Eq. (5). It is infinite for zero magnetic field, but in a field it is
Aligned Conical Phase
The aligned conical phase, or simply conical phase, contains a component of helicity and another of homogeneous magnetization, given by
where q is the pitch vector of the helix given by
It is proportional to the strength of DM interaction. m // is the homogeneous magnetization induced by the magnetic field, and is given by
where χ h = (aq 2 ) −1 is the magnetic susceptibility of the homogeneous magnetization. m sp is the helimagnetic amplitude given by
where
The aligned conical phase can be the thermodynamically stable phase as in Fig. (2) , if the system is in the region
This defines the critical field H c2
At zero field, the correlation length approaching the helimagnetic-paramagnetic phase transition from the paramagnetic phase (r > aq 2 ) is given by
If the phase transition is approaching from the helimagnetic phase (r < aq 2 ), it is given by
At the transition point between the helimagnet and paramagnet at H = 0,
III. BASIC PROPERTIES OF SKYRMIONS A. Winding Number
Skyrmions are two-dimensional objects, which are topologically non-trivial because the winding number of a Skyrmionic configuration is non-zero. Assume that
where m(x) and n(x) denotes the magnitude and direction of M. The winding number is defined as
Upon continuous deformation of the configurations, the winding number W remains unchanged. Note that all phases in Sec. II B have W = 0, which means they are all topologically trivial.
B. Description of Skyrmions
To illustrate a topologically non-trivial solution, we write the configuration in the form of 34 (in cylindrical coordinates)
so that the winding number can be written as
For all the Skyrmions we review and present in this paper, θ(ρ = 0) = π and θ(ρ = ∞) = 0, so that W = −1.
In addition, we set α = π 2 , meaning it is an azimuthal Skyrmion. We exclude the consideration of a radial Skyrmion because the presence of DM interaction forces the Skyrmions be azimuthal. The winding number describes how the electron changes its spin when it passes through the core.
35 Such a Skyrmion is depicted in Fig.  3 . Although Skyrmions are topological objects, linear response ensures that the asymptotic behaviors of the tails of Skyrmions are no different from the decay of other kinds of perturbations. It is the characteristics of the core that constitutes the topology. In understanding Skyrmions in various ordered phases of the helimagnets, we study the core by differential equations with boundary conditions that give a non-zero winding number, and the tail through perturbation theory.
IV. SKYRMION CORES A. Ferromagnet and Paramagnet
We first explore the cases of paramagnets and ferromagnets. And as we have stated in Section III, θ(ρ = 0) = π. Then we write, for ρ → 0,
where all behavior depends only on the radial distance ρ, and where m ∞ = M P (for paramagnet, r > 0, as in Eq. (B2)) or M F (for ferromagnet, r < 0, as in Eq. (B4)). Putting Eq. (25) and Eq. (26) in the saddle-point equations (D1) and (D2), ignoring all higher order terms, we can find that for ρ → 0, δθ = Θ c ρ and δm = M c ρ 2 , with
wherel H is the transverse correlation length for paramagnets or ferromagnets in Eq. (6), Eq. (7) or Eq. (11) . Note that this calculation breaks down if there is no DM interaction, or the Skyrmion is in an ordered phase. The size of the core can be estimated with this solution as R, where θ = π 1 − ρ R . Let us consider different cases in ferromagnets and paramagnets, and the relation of Skyrmion in paramagnets in some situations to the Skyrmion lattice.
Ferromagnet
For a ferromagnet with non-zero magnetic field, the core size R is given by the following cases (with the phase stable or metastable):
The first case refers to the region where the magnetic field is much larger than the critical field H c2 . The core size is proportional to q −1 . The second case refers to the region closer to H = H c2 , where the magnetic lengthl H plays a role.
For a paramagnet, the core size R is given by (in which the phase can be stable or metastable):
The magnetic field does not play a role in the core behavior for paramagnets. It is because close to r ≈ 0, the paramagnet appears for H > H c2 andl H is less significant than the contribution of q −1 . For r > am H ,l H ≈ ξ p .
B. Aligned Conical Phase
The core behavior for aligned conical phase is different from paramagnets and ferromagnets in Sec. IV A because of the Goldstone mode in this phase. To understand it, we first study ferromagnet without external magnetic field and DM interaction. This is for illustrative purpose, because it breaks a continuous symmetry just like the conical phase does.
Ferromagnet without external magnetic field and DM interaction
With H = 0 and q = 0, the ferromagnet (with r < 0) is an ordered phase that breaks the continuous rotational symmetry of the action in Eq. (1). The differential equation for δθ in Eq. (26) as in Eq. (D2) becomes
The differential equation is due to the gradient term in the action. Then
with an arbitrary coefficients A. In fact, the approximation in Eq. (C7) from the exact Skyrmion solution to the non-linear σ model near the core gives the same. Therefore, we cannot determine the core size. To determine the core size just from the core behavior, external perturbations that provide extra length scales are needed. For example, the presence of DM interaction fixes l in Eq. (C7) to be (4q) −1 .
Aligned Conical Phase
The aligned conical phase breaks the continuous translational symmetry of the action in Eq. (1) . 15 Because of the helical nature of this phase, we expect m(x), θ(x) and α(x) depend on ξ (defined in Eq. (D3)) in addition to the radial distance ρ. After analyzing Eqs. (D4), (D5) and (D6), the dominant variation near the core is ρ sin ξ. However, the coefficients is undetermined for the same reason as Sec. IV B 1. The perturbation for conical phase can be written as Eq. (41). The differential equations for the fluctuations for conical phase can be written as a Laplace equation as in Eq. (42), although both gradient terms and curl term (due to DM interaction) in the action in Eq. (1) are important for the aligned conical phase.
V. SKYRMION TAILS
The tail behavior of the Skyrmions is closely related to the correlations in the bulk of the phase. 36 This can be shown by linear response theory (see Appendix E). In the following, we show by each case that the presence of spontaneous symmetry breaking gives the Skyrmion an algebraic tail, but an exponentially decaying tail otherwise. The decay length of the tail is in general not the same as the core size.
A. Paramagnet and Ferromagnet
We study the system using perturbation techniques. As we have stated in Section III, θ(ρ = ∞) = 0. Then we write, for ρ → ∞,
where all behavior depends only on the radial distance ρ, and m ∞ = M P (for paramagnet, r > 0, as in Eq. (B2)) or M F (for ferromagnet, r < 0, as in Eq. (B4)) as in Sec. IV. We expect that the tail is exponential. Hence, we assume δm =M e −Kρ and δθ = Θe −Kρ . One of the solutions for K, called K − , is used to define the length of the tail
which is another measure of the size of Skyrmions. In some cases, K − has an imaginary part, which indicates the tails are oscillating in addition to the exponential decay, but we will omit oscillations below despite its existence in some cases.
Ferromagnet
For ferromagnet, the lengths of the Skyrmion tails are:
For both cases, the tails has a length l T ∼ H For paramagnet, the lengths of the tails are:
where for the fourth case,
The first case corresponds to the the paramagnet with large magnetic field and the boundary with ferromagnet, wherel H is given by Eq. (6). The second case refers to the paramagnet far away from the transition points, making l T ≈ ξ p . The third case refers to the paramagnet very close to the helimagnetic transition point, making
The fourth case refers to the paramagnet along H ≈ H c2 . The Skyrmion lattice is formed along part of this critical line.
B. Aligned Conical Phase
By Goldstone theorem and linear response, any perturbation in the conical phase shows long distance algebraic decay. Therefore, a Skyrmion in this phase shows a long tail. For illustrative purpose, we study the ferromagnet without magnetic field and DM interaction which breaks the rotational symmetry.
Ferromagnet without external magnetic field and DM interaction
The spectrum of the Goldstone modes in ferromagnet in H = 0 and q = 0 is ω(k) = k 2 , 29 and the modes are readily diagonalized as δm x and δm y . As a result, they behaves |r| −1 , as illustrated in Appendix E. We expect the Skyrmion tail to behave in the same way.
We still employ the perturbation schemes in Eq. (31) and Eq. (32) for this ferromagnet with H = 0 and q = 0. The differential equations kept to the relevant order is given as
From an analysis of the differential equations (D1) and (D1), we get
From Eq. (36), we know that the coefficients Θ f is arbitary, as in core solution the coefficients in Eq. (30) in Sec. IV B 1 is undetermined as well. It is the result of the equation for the fluctuations given by a Laplace equation for a symmetry-breaking ferromagnet. δm(ρ) and δθ(ρ)
can be expressed in the scaling form f
for some length scale L. Moreover, the approximation in Eq. (C7) far from the Skyrmion core in the non-linear σ model has the same behavior. Similarly, as in the Skyrmion core, the coefficients can be fixed by additional interactions that carry other length scales as discussed in Sec. IV B 1.
Aligned Conical Phase
While the ferromagnet has the readily diagonalized Goldstone modes with spectrum ω(k) = k 2 , the aligned conical phase has the Goldstone modes given by 31 For zero magnetic field makes, the second term vanishes. 37 For the parametrization of fluctuations about the conical phase (12) can be written as
to the first order of all parameters. The Goldstone mode that corresponds to (39) is given by the "diagonalized" form as
which satisfies the partial differential equation
for H = 0. 38 Eq. (42) has a solution
with undetermined coefficients A and B. (Note that the Skyrmion core in conical phase has arbitrary size R and goes like ρ sin(ϕ + B) for the same argument.) Therefore, similar to ferromagnets, the Skyrmion tail in the conical phase has a power law form. A detailed analysis of the saddle-point equations in Appendix D 2 shows that Skyrmion tail in the conical phase goes like ρ −1 sin ξ, where ξ is defined in Eq. (D3), with arbitrary coefficients.
VI. SKYRMION LATTICE
In this section, we study a lattice of Skyrmion in helimagnets. It is convenient to use CP In Eq. (A7), the gauge A depends on z as in Eq. (A4), leading to the non-linearity. To fix the gauge, set A = −hxŷ. The dimension of h is that of the reciprocal of area, and it will be shown later that it is related to the area of a Skyrmion core. Because of the periodic nature of the lattice, the term −iqmn α ∂ α z i → −iqm n α ∂ α z i is ignored. This can be justified by the final solution. The term − i 2 qmz i ∂ α n α is also zero because the Skyrmions are azimuthal. Moreover, instead of keeping strictly z † z = 1, we relax the condition to z † z = 1 where the average is over one lattice. Following Abrikosov, 26 one part of the solution is given by
where the prefactor is for normalization, and
Let l x and l y be the distances between cores along the x and y axes respectively, where l x l y = 2 l x . Such configuration is plotted as shown in Fig. 4 for h ∼ q 2 , which denotes a Skyrmion lattice. On the other hand, a graph with spin projected on the basal plane (x-y plane) and a density plot of n z = z * i σ ij z z j is plotted in Fig. 4 . To know the magnetization and the core size, we have to put Eq. (45) back to Eq. (A5) and determine them by variational method. Since the lattice is periodic, it is valid and convenient to consider the solution of a single site in Eq. (44) . Definẽ
, the free energy per unit volume of one Skyrmion in the lattice is given by
.
(46) Then we evaluate magnetization m and the reciprocal of core area h by minimizing the free energy. There exists no analytic closed form solution for m and h, but we do it by qualitative analysis. We expect that m is of the same order of magnitude of m // in the aligned conical phase or the paramagnet, and h q 2 < 1. Expanding Eq. (46) for small h q 2 , we get
Minimizing it with respect to h and m, we get
The second equation indicates that the magnetization is approximately equal to the paramagnet or ferromagnet. For small magnetic field and in the paramagnetic phase (r > 0), using Eq. (B2), we get
Therefore, the core-to-core distance goes like qξ 2 p . Near the helimagnetic phase boundary ξ p q ≈ 1, and in this region the core-to-core distance goes like q −1 . The experimentally observed A phase 7 that has been identified as hexagonal lattice of Skyrmions is observed along the helimagnet/paramagnet phase boundary, 8, 10 . Our result shows that the core size ∼ qξ for qξ p ≈ 1, agreeing with previous theoretical 8, 20, 22, 24, 27 and experimental studies.
7,10 However, we also predict that the size increases away from the phase boundary, provided the Skyrmion lattice is still the thermodynamic ground state when the correlation length ξ p gets larger.
The fluctuations due to the Skyrmion lattice has the same form of that of columnar phase in liquid crystal, 28 and have the form
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VII. CORE SIZE AS THE MATCHING DISTANCE BETWEEN CORE BEHAVIOR AND SKYRMION TAIL
The definition of R in Sec. IV A deals only with the core behavior. Here we introduce a new distance L, which is defined as tbe distance where the core behavior and tail of the Skyrmion meet. By finding L, we consider both the core and the tail of the Skyrmion. In some cases, R and L are not too different in terms of order of magnitudes, but their difference becomes greater when the magnetic field becomes large.
In the following cases, we match the core behavior and the tail at a point L, and then we solve for L.
A. Paramagnet and Ferromagnet
For paramagnet and ferromagnet, by matching the core behavior in Sec. IV and the tail in Sec. V, we solve for the matching point L tabulated in Table I . We verify that for all cases in Table I have winding number W = −1, by putting the solutions of θ(x) back to Eq. (24) .
From Table I , we can see that R's are mostly of the order of magnitude of q −1 , and l T 's are mostly the thermal correlation lengths. However, L shows much more complicated dependence on the various length scales. l T is generally not a good measure of a Skyrmion size because the correlation length is related to the thermodynamic phase of the bulk, the size of an additional object. Both R and L is of the order of magnitude of q −1 near the helimagnetic transition point at H ≈ 0, indicating that the Skyrmion size is of q −1 in this region. Far from this point, L and R differs in orders of magnitude. In general, L is better to characterize the size of Skyrmions because it takes into account both the core and the tail. Whether L or R is a better measure depends on the situations, as listed below:
1. If L and R are of the same order of magnitude (∼ K −1 or oscillating) as in Fig. 5 (a) , they are equally good. Examples: paramagnets in q
2. If R L as in Fig. 5 (b) , L is a better measure because L depicts where the tail starts and the slope of the core behavior was underestimated. Examples: ferromagnets in ξ f q
ξ f , and paramagnets inl H q
3. If L R as in Fig. 5 (c) , R is a better measure. The matching method is not working so well because at ρ = L, θ(ρ) becomes negative. However, There are no such examples in all cases considered in Table I .
Therefore, for our purpose, L is a better characterization of the Skyrmion size in general. For pure ferromagnets (q = 0 and H = 0) and aligned conical phase, matching does not fix the size of the Skyrmion due to the same reason stated in Sec. V B 1. For pure ferromagnets, matching the solutions in Eq. (C7) for small and large ρ does not give L. Fig. 2 
1.48q
Because of the technical complexities of aligned conical phase, we do not match the core and tail solutions as we did for other magnets. However, we assume a form of Syrmionic solution here and estimate the range of the core size. We describe an isolated Skyrmion in terms of
wheren sk is the same Skyrmion in (Eqs. C1-C3). The first and third term are with variational parameters η 1 and η 3 which does not alter the winding number. The second term withn sk keeps the winding number to be −1. Because Eq. (48) already captures the long-range behavior asn sk · (− sin qzx + cos qzŷ) ∼ 1 ρ sin ξ far from the core (ρ → ∞), there is no term in the direction of (− sin qzx + cos qzŷ) in Eq. (48).
We then solve for η 1 and η 3 by putting Eq. (48) to the saddle-point equation (2) for regions far from the core (ρ → ∞) and near the core (ρ ≈ 0). Far from the core (ρ → ∞), we find that
where l is an undetermined parameter that we estimate below. At the core (ρ ≈ 0), with linearization of the parameters in the saddle-point equation (2), we find that
where (in terms of bare parameters in the action)
Then we match Eq. (49) and Eq. (51), and η 3 by matching Eq. (50) and Eq. (52) at some distance ρ = L, and we can solve for l. Matching is only possible if B 3 and E 3 are positive, and E 1 is negative. For E 3 to be positive, the denominator 7m
sp has to be positive. (This makes the Skyrmion gas to appear only if H ≥ 0.798H c2 .) L depends on ξ slightly. The lack of an analytic solution forces us to explore the core size numerically.
In Table II , the sizes of Skyrmions in the aligned conical phase with different values of the correlation length ξ h and H = 0.8H c2 are listed. L is the size of a Skyrmion found by matching method. It depends on the phase angle ξ but it does not vary significantly. In general, as the system goes away from the phase boundary (as ξ h decreases), the size of the Skyrmion decreases. 
VIII. SUMMARY AND CONCLUSION
In summary, we have studied various aspects of Skyrmions in helimagnets. We first studied the Skyrmion core, and a related measure of core size R for paramagnets and ferromagnets. For the aligned conical phase, this R becomes arbitrary. Extra perturbations are needed to determine it. We then discussed the Skyrmion tails. They decay exponentially for paramagnets and ferromagnets. We determined their decay lengths l T , which is another measure of the size of Skyrmion. We cannot define l T for the aligned conical phase because the Skyrmions have algebraic tails, as expected from Goldstone theorem. We also studied the lattice of Skyrmions. Through variational methods, we found that the coreto-core distance in the lattice is of the order of magnitude qξ 2 p . This can be compared with the experimentally observed A phase where the core-to-core distance is found to be ∼ q −1 . Insofar as qξ p ≈ 1 near the helimagnetic phase boundary, experimental and theoretical results agree. Lastly, we introduced the matching radius L, as another measure of the core size. In our studies, the core sizes are of the order q −1 near the helimagnetic phase boundary, consistent with various previous studies. However, in other parts of the phase diagram, it depends on other length scales as well such as the thermal correlation lengths ξ p or ξ f , and the magnetic length l H , as shown in Table I . Among all measures of sizes of Skyrmions, we think that L is the best because it depends on the whole Skyrmion. We also estimated the size of Skyrmions in aligned conical phase by matching.
It is also of order q −1 near the helimagnetic phase boundary, and decreases away from it.
